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Rayleigh number was higher than the transition Rayleigh 9. J. R. Custer and E. J. Shaughnessy, Thermoconvective 
number given by Powe et al. [6]. However, as other work [4] motion of low Prandtl number fluids within a horizontal 
suggests that this phenomenon is not two-dimensional but cylindrical annulus, J. Neat Transfer 99, 59&601(1977). 
three-dimensional, it presumably is necessary to perform the 10. M. C. Charrier-Mojtabi, A. Mojtabi and J. P. Caltagirone, 
transient 3-D analysis to simulate it. Numerical solution of a flow due to natural convection in 
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NOMENCLATURE 

transverse length scale (also used as length 
scale for other directions) 

Greek symbols 
GL ratio of initial jet velocity to cross-stream 

velocity 
i non-dimensional vertical coordinate 

function 
function 
constant 
numerical constant 
ambient longitudinal velocity 
initial jet velocity 
longitudinal velocity 

i non-dimensional lateral coordinate 
% momentum thickness 
P fluid density 
T shear stress. 

maximum jet velocity at a section 
ambient lateral vetocitv 

INTRODUCTION 

lateral velocity _ 
vertical vetocity 
lon~tudinal coordinate 
lateral coordinate 
vertical coordinate. 

THE PROBLEM ofpredicting the trajectory ofa jet injected into a 
moving ambient fluid is of much importance and has been 
extensivelystudied both theoretjcallyandexperimental~y.Th~ 
authors have recently developed a simple method for the 
calculation of the deflection of a plane non-buoyant jet issuing 
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into a weak uniform cross-flow [l, 21. The objective of this 
study is to extend this method to the much more complex and 
practical case of a circular jet in a moving ambient flow. 

The calculation method is based on a similarity analysis of 
the axial momentum equation. The special case of the 
trajectory of a circular jet in a simple cross-flow will be 
compared with some of the available experimental results. 

CIRCULAR JET IN A GENERAL CROSS-FLOW 

Figure 1 shows a circular jet issuing from a nozzle of radius 
r,, with a velocity of U, and exposed to a cross-flow of velocity 
V (which may be a function of x) and a uniform flow U in the 
axial direction. The trajectory is given by j(x). The continuity 
equation and the equation of motion for the deflected jet are 

_+“+a”=0 au 

ax ay dz 

where u, a, w are the time-averaged velocities in the x, y and z 
directions and tYX and rZs are the turbulent shear stresses 
acting in the axial direction (the laminal stresses have been 
neglected). For convenience, the velocities may be considered 
as a sum of local and background components : 

u = lJ+u’ (3) 

L’= V+v’ (4) 

where the prime denotes a local component. These relations 
may be introduced into equations (1) and (2) with u and v now 
representing u’ and v’ 

Integrating equation (6) with respect to z first and then y 
from - 00 to co, one obtains the results 

cc 

d 
-jJu(u+u)dy da = 0. 
dx 

This equation indicates that excess momentum flux is 
conserved in the x direction. Multiplying equation (6) by u and 
integrating as in the previous case 

m 

d 
-JJu2(u+n)dydi= -;&Yr$+iZX;)dyda. (8) 
dx 

?I -m 

This is the integral energy equation for an axisymmetricjet 
(written in Cartesian coordinates) with a general cross-flow. It 

FIG. 1. Definition sketch. 

is to be noted that V does not appear in equations (7) and (8). 
If it is assumed that the length scales are the same in both 
cross-sectional directions, then these equations can be solved 
for u, and b, the characteristic scales. 

Multiplying equation (6) by y and integrating with respect 
to z first and then with respect toy, from - cc and + 00 (in both 
cases), after some simplifications, one obtains the result 

cc 

d 
-JJyt,(~+u)dydi[uvdyds-[uVdyd: 
dx 

-m -m -I) 

m 

1 
= --JJTYXdydr. (9) 

P 
-a, 

The shear stress integral on the right-hand side of equation 
(9) will vanish if a velocity gradient model with a constant 
momentum diffusivity is assumed. In any event, this term will 
be small due to approximate antisymmetry of the shear stress 
distribution. The second term on the left-hand side may also be 
neglected in comparison to the third term since v is of the same 
order of magnitude as V (at most about 107; of initial jet 
velocity U,) but is of opposite sign on either side of the jet axis 
while Visaconstant. Inadditionvissmallest whereuislargest. 
It is reasonable then to expect that the second integral will be at 
least one order of magnitude smaller than the third. This 
approximation is weakest near thejet outlet where v is largest. 
With these approximations equation (9) will reduce to 

d 
-JJyv(iJfu)dy dz = 
dx JJ uVdy dz. (10) 

-m -30 

Equation (10) may be interpreted as saying that the rate of 
change of the flux of moment of momentum is equal to the 
convection of the u velocity in the y direction. 

To proceed further, assume 

wherein [ = z/b, q = (y-_)/bandf,,f,,f,,g,, yZ andg, denote 
functions. Substituting equations (I lHl3) into equation (10) 
and after some simplifications, one obtains the results 

30 

d 
- u,b= 
dx JJ figdW+umf,~,)d~ dl 

-cc 

9 

= Vu,b2 JJ fis, dv di. (14) 

-cc 

Since in the three final equations, equations (7), (8) and (14) 
equations (7) and (8) are in principle the same as those for the 
jetinacoflowingstream withoutadeflectingflow, thescalesu, 
and b can be taken from the study of Pande and Rajaratnam 

C31 as 

u ,l x 
_N_ _ 
%I 0 K 0 

for f< 150 

where l/K is the slope of the curve in Fig. 6 of reference [2] and 
K has the approximate value of 12.2 

b2 =! tP 

2 ww F, +hlm~, 
(16) 
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FIG. 2. Circular jets in weak cross-flow. Comparison of equation (25) with experimental results. 

where 0 is the momentum thickness given by the equation 

(17) 

LJ, being the velocity of thejet at the nozzle and F, and F, are 
integral constants [3]. Equation (14) can be rewritten as 

&,h’~(L’I, +LQ2)] = Vu,hZI, (18) 

wherein (if exponential functions are utilized for& and yl, [4]) 

/jl I 

1, = 
!ji[ 
f,cz, dvl4 = 

II 
exp C-0.693($ + T*)] dn d< 

n 
(19) 

ii f 

i, = 
ll 

f&f drl d; = 
ii 

exp [- 1.386($+<‘)]dq d<. 

- ? 

(20) 

Using equation (7), equation (18) can be reduced to 

d4: I,V 

z=(f,u+I,u,) 
(21) 

Using equations (15) and (t6) and the result f,/I, = l/2, 
equation (21) can be reduced to 

d?; c WQ) 
du U [(x/0) + K/2:]’ 

(22) 

For the case of a uniform cross-flow (V = constant) equation 
(22) may be integrated using _G = 0 at .Y = 0 to give 

;_‘c[;-;tn~$;~2)}~. (23) 

For the case of a simple circularjet in a weak uniform cross- 

flow, U = 0 and with some algebra may be reduced to 

!!L__. 2v.x 

dx I(rrJIo 

Integrating 

j -v x2 

‘0 -(-) K ull 70 

(24) 

Equation (25) indicates that the deflection j is proportional to 
x2. Figure 2 shows a comparison ofequation (25) with some of 
the (readily avaifabie) experimental observations for large 
values of the ratio B of the jet velocity U0 to the cross-stream 
velocity V. Considering that K was evaluated from rather 
general considerations (i.e. observations on jets in cotlowing 
streams) the agreement ofequation (25) with the experimental 
results in Fig. 2 should be considered very encouraging. 

CONCLUSIONS 

Presented herein is a simple analytical method for 
calculation of trajectories of circular jets in weak cross-flows. 
Based on the assumption of general similarity of the jet, a 
simple convection relation is derived with no experimental 
constants to evaluate. The result is derived for an 
asymptotically weak cross-flow but may be applied as a first 
approximation to many practical problems. Since the present 
derivations do not assume a uniform cross-flow in the x 
direction, non-uniform cross-flows could also be included. 
The agreement of the predicted deflection of circular jets with 
experimental observations in weak cross-flows has been found 
to be satisfactory. 
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NOMENCLATURE 

coefficient 

s 

n/z 
upper limit of integration, A = P(z) dz 

- n,* 

coefficient 
coefficient, 

B= 
s 

n/z 
[l -(Bi/3)cos(3z)]P(z)dz 

-n,z 

Biot number, Bi = hR/k 
constant 
average distance reflected into interior 
perpendicular to boundary 
natural number, e = 2.71828.. 
sum of squared errors, see equation (16) 
function of z, f.(z) 

cos (w) + Bi cos [(n + l)z]/(n + lb n even 

= sin (nz) + Bi sin [(n + l)z]/(n + I), n odd 

function of B,ft 

n-!-4B,+xBf/2,n = 0 

= n/2 + 4B,i(2n + 1) + nBf/[2(n + l)‘], n # 0 

cumulative distribution function, 

F= 
s 

1 

P(z’) dz’/A 
-n,Z 

function of x, see equation (10) 
heat transfer coefficient 
thermal conductivity 
distance reflected in one-dimensional 
approximation 
differential operators, see equation (10) 
random number 
probability density function, see equation (17) 
negative derivative of T with respect to z, 
q = -dT/az 
heat release rate per unit area 
function of x, see equation (13) 
dimensionless heat release rate parameter, Q 
= q”RzJ4k 
distance from the vertex 

R straight side length 
T temperature 
T boundary boundary temperature 

7&iar temperature at distance L into interior 

T, function of x, see equation (12) 

Tp peripheral temperature 

T, vertex temperature, TV = T(x + co) 

T, environmental temperature 
X dimensionless coordinate, x = In (R/r) 

Y temperature parameter, 
y = T,(z) - I-, + Q[l -(Bi/3) cos (3z)] 

Z dimensionless coordinate, z = 0- 0J2. 

Greek symbols 

; 
differential operator, c( = a( )/ax 
angle from the straight side 

& 

included angle 
differential operator, [ = a( )/az 

* natural number, x = 3.14159.. 
Subscripts 

m index 
n index. 

INTRODUCTION 

THE FLOATING random walk Monte Carlo method for two- 
dimensional steady conduction requires a procedure to 
determine the next move of a walker situated on a boundary 
that convectively exchanges heat with an environment at 
known temperature across a known heat transfer coefficient. 
Previously [l], a one-dimensional finite difference approxi- 
mation to the convective boundary condition has been 
employed in the direction perpendicular to the boundary as 

T boundary = CT”,er,or +(hL/k)T,]/[l + hL/k]. 

Such an approximation requires the reflective move back into 
the solid to be small to preserve accuracy and to be 
perpendicular to the boundary. A two-dimensional ap- 
proximation is subject to the same difficulties. 

An amelioration will be devised from a solution for the 
vertex temperature of a sector of a circle experiencing 
convection along its straight sides and with a specified 
temperature along the circular arc, the vertex being on the 
convective boundary. 


